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BIEXTENSIONS OF 1-MOTIVES BY 1-MOTIVES
CRISTIANA BERTOLIN
Abstract. Let S be a scheme. In this paper, we define the notion of biex-
tensions of 1-motives by 1-motives. Moreover, ifM(S) denotes the Tannakian
category generated by 1-motives over S (in a geometrical sense), we define ge-
ometrically the morphisms ofM(S) from the tensor product of two 1-motives
M1⊗M2 to another 1-motiveM3, to be the isomorphism classes of biextensions
of (M1,M2) by M3:
HomM(S)(M1 ⊗M2,M3) = Biext
1(M1,M2;M3)
Generalizing this definition we obtain, modulo isogeny, the geometrical notion
of morphism of M(S) from a finite tensor product of 1-motives to another
1-motive.
Introduction
Let S be a scheme.
A 1-motive over S consists of a S-group scheme X which is locally for the e´tale
topology a constant group scheme defined by a finitely generated free Z-module, a
semi-abelian S-scheme G, and a morphism u : X −→ G of S-group schemes.
Let M(S) be what should be the Tannakian category generated by 1-motives
over S in a geometrical sense. We know very little about this category M(S): in
particular, we are not able to describe geometrically the object ofM(S) defined as
the tensor product of two 1-motives! Only if S = Spec (k), with k a field of char-
acteristic 0 embeddable in C, we know something about M(k): in fact, identifying
1-motives with their mixed realizations, we can identify M(k) with the Tannakian
sub-category of an “appropriate” Tannakian category of mixed realizations gener-
ated by the mixed realizations of 1-motives.
The aim of this paper is to use biextensions in order to define some morphisms in
the categoryM(S): Geometrically the morphisms of M(S) from the tensor product
of two 1-motives M1 ⊗M3 to another 1-motive M3 are the isomorphism classes of
biextensions of (M1,M2) by M3:
(0.0.1) HomM(S)(M1 ⊗M2,M3) = Biext
1(M1,M2;M3)
The idea of defining morphisms through biextensions goes back to Alexander
Grothendieck. In fact, in [6] Expose´ VIII he defines pairings from biextensions: if
P,Q,G are three abelian groups of a topos T, to each isomorphism class of biex-
tensions of (P,Q) by G, he associates a pairing (lnP )n≥0 ⊗ (lnQ)n≥0 −→ (lnG)n≥0
where (lnP )n≥0 (resp. (lnQ)n≥0, (lnG)n≥0) is the projective system constructed
from the kernels lnP ( resp. lnQ , lnG) of the multiplication by l
n for each n ≥ 0.
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Generalizing Grothendieck’s work, in “Theorie de Hodge III” Pierre Deligne
defines the notion of biextension of two complexes of abelian groups concentrated
in degree 0 and -1 (over any topos T) by an abelian group. Applying this definition
to 1-motives and to Gm, to each isomorphism class of such biextensions he associates
a pairing T∗(M1)⊗T∗(M2) −→ T∗(Gm) in the Hodge, De Rhan, ℓ-adic realizations
(resp. ∗ = H, ∗ = dR, ∗ = ℓ).
Our definition of biextension of 1-motives by 1-motive generalizes the one of
Deligne. The main idea of our definition is the following: Recall that a 1-motive
M over S can be described also as a 7-uplet (X,Y ∨, A,A∗, v, v∗, ψ) where
• X and Y ∨ are two S-group schemes which are locally for the e´tale topology
constant group schemes defined by finitely generated free Z-modules;
• A and A∗ are two abelian S-schemes dual to each other;
• v : X −→ A and v∗ : Y ∨ −→ A∗ are two morphisms of S-group schemes;
and
• ψ is a trivialization of the pull-back (v, v∗)∗PA via (v, v∗) of the Poincare´
biextension PA of (A,A∗).
In other words, we can reconstruct the 1-motive M from the Poincare´ biextension
PA of (A,A∗) and some trivializations of some pull-backs of PA. The 4-uplet
(X,Y ∨, A,A∗) corresponds to the pure part of the 1-motive, i.e. it defines the
pure motives underlying M , and the 3-uplet v, v∗, ψ represents the “mixity” of M .
Therefore the Poincare´ biextension PA is related to the pure part (X,Y ∨, A,A∗) of
the 1-motive and the trivializations are related to the mixed part v, v∗, ψ of M .
Now let Mi = [Xi
ui−→ Gi] (for i = 1, 2, 3) be a 1-motive over S. A biextension
of (M1,M2) by M3 is a biextension B of (G1, G2) by G3, some trivializations of
some pull-backs of B, and a morphism X1⊗X2 −→ X3 compatible with the above
trivializations. Since by the main Theorem of [2], to have a biextension of (G1, G2)
by G3 is the same thing has to have a biextension of (A1, A2) by Y3(1), we can
simplify our definition: a biextension B = (B,Ψ1,Ψ2,Ψ, λ) of (M1,M2) by M3
consists of
(1) a biextension of B of (A1, A2) by Y3(1);
(2) a trivialization Ψ1 (resp. Ψ2) of the biextension (v1, idA2)
∗B (resp.
(idA1 , v2)
∗B) of (X1, A2) by Y3(1) (resp. of (A1, X2) by Y3(1)) obtained as
pull-back of the biextension B via (v1, idA2) (resp. via (idA1 , v2));
(3) a trivialization Ψ of the biextension (v1, v2)
∗B of (X1, X2) by Y3(1) obtained
as pull-back of the biextension B via (v1, v2), which coincides with the
trivializations induced by Ψ1 and Ψ2 over X1 ×X2;
(4) a morphism λ : X1 ⊗X2 −→ X3 compatible with the trivialization Ψ and
the morphism u3 : X3 −→ G3.
The biextension B and the morphism λ : X1 ⊗ X2 −→ X3 take care of the pure
parts of the 1-motives M1,M2 and M3, i.e. of Xi, Yi, Ai, A
∗
i for i = 1, 2, 3. On
the other hand the trivializations Ψ1,Ψ2, Ψ, and the compatibility of λ with such
trivialirations and with u3, take care of the mixed parts of M1,M2 and M3, i.e. of
vi, v
∗
i and ψi for i = 1, 2, 3.
In terms of morphisms, the biextension B = (B,Ψ1,Ψ2,Ψ, λ) defines a morphism
M1 ⊗M2 −→M3 where
• the biextension B of (A1, A2) by Y3(1) defines the component A1⊗A2 −→
Y3(1);
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• the morphism λ defines the component X1 ⊗X2 −→ X3 of weight 0;
• the trivializations Ψ1,Ψ2, Ψ and the compatibility of λ with such trivializa-
tions and with u3 take care of the other components of M1 ⊗M2 −→ M3,
and of the compatibility of the mixed part of M1⊗M2 and the mixed part
of M3 through this morphism of M1 ⊗M2 −→M3.
At the end of Section 1, we give several examples of biextensions of 1-motives by
1-motives. At the end of Section 2, we show how to construct explicitly the mor-
phisms corresponding to the biextensions stated as example at the end of Section
1.
Then we verify that the property of respecting weights which is satisfied by the
morphisms of M(S), is also verified by biextensions. For example, in M(S) there
are no morphisms from X1 ⊗ X2 to G3 or from G1 ⊗ G2 to X3 (Lemma 2.1.1),
and therefore we must have that all the biextensions of ([X1 → 0], [X2 → 0]) by
[0→ G3] and all the biextensions ([0→ G1], [0→ G2]) by [X3 → 0] are trivial. To
have a morphism from G1 ⊗ G2 to G3 is the same thing as to have a morphism
from A1 ⊗A2 to Y3(1) (Corollary 2.1.3) and therefore we must have that to have a
biextension of (G1, G2) by G3 is the same thing as to have a biextension of (A1, A2)
by Y3(1) (cf. Theorem [2]).
We can extend definition (0.0.1) to a finite tensor product of 1-motives in the
following way: again because of weights, a morphism from a finite tensor product
⊗l1Mj of 1-motives to a 1-motive M involves only the quotient ⊗
l
1Mj/W−3(⊗
l
1Mj)
of the mixed motive ⊗l1Mj. However the motive ⊗
l
1Mj/W−3(⊗
l
1Mj) is isogeneous
to a finite sum of copies of Mι1 ⊗Mι2 for ι1, ι2 ∈ {1, . . . , l} (Lemma 2.2.6), and
therefore, modulo isogeny, a morphism from a finite tensor product of 1-motives to
a 1-motive is a sum of isomorphism classes of biextensions of 1-motives by 1-motives
(Theorem 2.2.7).
A special case of definition (0.0.1) was already used in the computation of the
unipotent radical of the Lie algebra of the motivic Galois group of a 1-motive defined
over a field k of characteristic 0 (cf. [1]). In fact in [1] (1.3.1), using Deligne’s
definition of biextension of 1-motives by Gm, we define a morphism from the tensor
productM1⊗M2 of two 1-motives to a torus as an isomorphism class of biextensions
of (M1,M2) by this torus.
Acknowledgment
I want to thank the referee of my article [1] who suggested me to generalize it:
the study of biextensions of 1-motives by 1-motives started with the attempt of
generalizing the definition [1] (1.3.1).
In this paper S is a scheme.
1. Biextensions of 1-motives by 1-motives
In [3] (10.1.10), Deligne defines a 1-motive M over S as
(1) a S-group scheme X which is locally for the e´tale topology a constant group
scheme defined by a finitely generated free Z-module,
(2) a semi-abelian S-scheme G, i.e. an extension of an abelian S-scheme A by
a S-torus Y (1), with cocharacter group Y ,
(3) a morphism u : X −→ G of S-group schemes.
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The 1-motive M can be view also as a complex [X
u
−→ G] of commutative
S-group schemes concentrated in degree 0 and -1. An isogeny between two
1-motives M1 = [X1
u1−→G1] and M2 = [X2
u2−→G2] is a morphism of complexes
(fX , fG) such that fX : X1 −→ X2 is injective with finite cokernel, and fG :
G1 −→ G2 is surjective with finite kernel.
1-motives are mixed motives of niveau ≤ 1: the weight filtration W∗ on M =
[X
u
−→ G] is
Wi(M) = M for each i ≥ 0,
W−1(M) = [0 −→ G],
W−2(M) = [0 −→ Y (1)],
Wj(M) = 0 for each j ≤ −3.
In particular, we have GrW0 (M) = [X−→0],Gr
W
−1(M) = [0−→A] and Gr
W
−2(M) =
[0−→Y (1)].
1.1. The category of biextensions of 1-motives by 1-motives. Let Mi =
[Xi
ui−→ Gi] (for i = 1, 2, 3) be a 1-motive over S. The following definition of
biextension of (M1,M2) by M3, is a generalization of Deligne’s definition [3] (10.2):
Definition 1.1.1. A biextension B = (B,Ψ1,Ψ2,Ψ, λ) of (M1,M2) by M3 con-
sists of
(1) a biextension of B of (G1, G2) by G3;
(2) a trivialization (= biaddictive section) Ψ1 (resp. Ψ2) of the biextension
(u1, idG2)
∗B (resp. (idG1 , u2)
∗B) of (X1, G2) by G3 (resp. (G1, X2) by G3)
obtained as pull-back of the biextension B via (u1, idG2) (resp. (idG1 , u2));
(3) a trivialization Ψ of the biextension (u1, u2)
∗B of (X1, X2) by G3 obtained
as pull-back of the biextension B by (u1, u2), which coincides with the
trivializations induced by Ψ1 and Ψ2 over X1 ×X2, i.e.
(u1, idG2)
∗Ψ2 = Ψ = (idG1 , u2)
∗Ψ1;
(4) a morphism λ : X1 × X2 −→ X3 of S-group schemes such that u3 ◦ λ :
X1 ×X2 −→ G3 is compatible with the trivialization Ψ of the biextension
(u1, u2)
∗B of (X1, X2) by G3.
Let Mi = [Xi
ui−→ Gi] and M ′i = [X
′
i
u′i−→ G′i] (for i = 1, 2, 3) be 1-motives
over S. Moreover let (B,Ψ1,Ψ2, λ) be a biextension of (M1,M2) by M3 and let
(B′,Ψ′1,Ψ
′
2, λ
′) be a biextension of (M ′1,M
′
2) by M
′
3.
Definition 1.1.2. A morphism of biextensions
(F,Υ1,Υ2,Υ, g3) : (B,Ψ1,Ψ2, λ) −→ (B
′,Ψ′1,Ψ
′
2, λ
′)
consists of
(1) a morphism F = (F, f1, f2, f3) : B −→ B′ from the biextension B to the
biextension B′. In particular,
f1 : G1 −→ G
′
1 f2 : G2 −→ G
′
3 f3 : G3 −→ G
′
3
are morphisms of groups S-schemes.
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(2) a morphism of biextensions
Υ1 = (Υ1, g1, f2, f3) : (u1, idG2)
∗B −→ (u′1, idG′2)
∗B′
compatible with the morphism F = (F, f1, f2, f3) and with the trivializa-
tions Ψ1 and Ψ
′
1, and a morphism of biextensions
Υ2 = (Υ2, f1, g2, f3) : (idG1 , u2)
∗B −→ (idG′1 , u
′
2)
∗B′
compatible with the morphism F = (F, f1, f2, f3) and with the trivializa-
tions Ψ2 and Ψ
′
2. In particular
g1 : X1 −→ X
′
1 g2 : X2 −→ X
′
2
are morphisms of groups S-schemes.
(3) a morphism of biextensions Υ = (Υ, g1, g2, f3) : (u1, u2)
∗B −→ (u′1, u
′
2)
∗B′
compatible with the morphism F = (F, f1, f2, f3) and with the trivializa-
tions Ψ and Ψ′.
(4) a morphism g3 : X3 −→ X ′3 of S-group schemes compatible with u3 and u
′
3
(i.e. u′3 ◦ g3 = f3 ◦ u3) and such that
λ′ ◦ (g1 × g2) = g3 ◦ λ
Remark 1.1.3. The pair (g3, f3) defines a morphism of M(S) from M3 to M ′3. The
pairs (g1, f1) and (g2, f2) define morphisms of M(S) from M1 and M
′
1 and from
M2 to M
′
2 respectively.
We denote by Biext(M1,M2;M3) the category of biextensions of (M1,M2) by
M3. Like in the category of biextensions of semi-abelian schemes, in the category
Biext(M1,M2;M3) we can make the sum of two objects. Let Biext
0(M1,M2;M3)
be the group of automorphisms of any biextension of (M1,M2) by M3, and let
Biext1(M1,M2;M3) be the group of isomorphism classes of biextensions of (M1,M2)
by M3.
1.2. A more useful definition. From now on we will work on the topos Tfppf
associated to the site of locally of finite presentation S-schemes, endowed with the
fppf topology.
Proposition [3] (10.2.14) furnishes a more symmetric description of 1-motives:
consider the 7-uplet (X,Y ∨, A,A∗, v, v∗, ψ) where
• X and Y ∨ are two S-group schemes which are locally for the e´tale topology
constant group schemes defined by finitely generated free Z-modules. We
have to think at X and at Y ∨ as character groups of S-tori which should
be written (according to our notation) X∨(1) and Y (1), where X∨ and Y
are their cocharacter groups;
• A and A∗ are two abelian S-schemes dual to each other;
• v : X −→ A and v∗ : Y ∨ −→ A∗ are two morphisms of S-group schemes;
and
• ψ is a trivialization of the pull-back (v, v∗)∗PA via (v, v∗) of the Poincare´
biextension PA of (A,A∗).
To have the data (X,Y ∨, A,A∗, v, v∗, ψ) is equivalent to have the 1-motive M =
[X
u
−→G]: In fact, to have the semi-abelian S-scheme G is the same thing as to
have the morphism v∗ : Y ∨ −→ A∗ (cf. [6] Expose´ VIII 3.7, G corresponds to the
biextension (idA, v
∗)∗PA of (A, Y
∨) by Gm) and to have the morphism u : X −→
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G is equivalent to have the morphism v : X −→ A and the trivialization ψ of
(v, v∗)∗PA (the trivialization ψ furnishes the lift u : X −→ G of the morphism
v : X −→ A).
Let s : X×Y ∨ −→ Y ∨×X be the morphism which permutates the factors. The
7-uplet (Y ∨, X,A∗, A, v∗, v, ψ ◦ s) defines the so called Cartier dual of M : this is
a 1-motive that we denote by M∗.
Remark 1.2.1. The pull-back (v, v∗)∗PA by (v, v∗) of the Poincare´ biextension PA
of (A,A∗) is a biextension of (X,Y ∨) by Gm. According [5] Expose´ X Corollary 4.5,
we can suppose that the character group Y ∨ is constant, i.e. ZrkY
∨
(if necessary
we localize over S for the e´tale topology). Moreover since by [6] Expose´ VII (2.4.2)
the category Biext is additive in each variable, we have that
Biext(X,Y ∨;Gm) ∼= Biext(X,Z;Y (1)).
We denote by
((v, v∗)∗PA)⊗ Y
the biextension of (X,Z) by Y (1) corresponding to the biextension (v, v∗)∗PA
through this equivalence of categories. The trivialization ψ of (v, v∗)∗PA defines a
trivialization
ψ ⊗ Y
of ((v, v∗)∗PA)⊗ Y , and vice versa.
We can now give a more useful definition of a biextension of two 1-motives by a
third one:
Proposition 1.2.2. Let Mi = (Xi, Y
∨
i , Ai, A
∗
i , vi, v
∗
i , ψi) (for i = 1, 2, 3) be a 1-
motive. A biextension B = (B,Ψ′1,Ψ
′
2,Ψ
′,Λ) of (M1,M2) by M3 consists of
(1) a biextension of B of (A1, A2) by Y3(1);
(2) a trivialization Ψ′1 (resp. Ψ
′
2) of the biextension (v1, idA2)
∗B (resp.
(idA1 , v2)
∗B) of (X1, A2) by Y3(1) (resp. of (A1, X2) by Y3(1)) obtained as
pull-back of the biextension B via (v1, idA2) (resp. via (idA1 , v2));
(3) a trivialization Ψ′ of the biextension (v1, v2)
∗B of (X1, X2) by Y3(1) ob-
tained as pull-back of the biextension B via (v1, v2), which coincides with
the trivializations induced by Ψ′1 and Ψ
′
2 over X1 ×X2, i.e.
(v1, idA2)
∗Ψ′2 = Ψ
′ = (idA1 , v2)
∗Ψ′1;
(4) a morphism Λ : (v1, v2)
∗B −→ ((v3, v∗3)
∗PA3) ⊗ Y3 of trivial biextensions,
with Λ|Y3(1) equal to the the identity, such that the following diagram is
commutative
(1.2.1)
Y3(1) = Y3(1)
| |
(v1, v2)
∗B −→ ((v3, v∗3)
∗PA3)⊗ Y3
Ψ′ ↑↓ ↓↑ ψ3⊗Y3
X1 ×X2 −→ X3 × Z.
Proof. According to the main Theorem of [2], to have the biextension B of (A1, A2)
by Y3(1) is equivalent to have the biextension B = ι3 ∗(π1, π2)∗B of (G1, G2) by
G3, where for i = 1, 2, 3, πi : Gi −→ Ai is the projection of Gi over Ai and
ιi : Yi(1) −→ Gi is the inclusion of Yi(1) over Gi.
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The trivializations (Ψ′,Ψ′1,Ψ
′
2) and (Ψ,Ψ1,Ψ2) determine each others.
By [2], both biextensions (v1, v2)
∗B and ((v3, v
∗
3)
∗PA3) ⊗ Y3 are trivial. Hence to
have the morphism of S-group schemes λ : X1 ×X2 −→ X3 is equivalent to have
the morphism of trivial biextensions Λ : (v1, v2)
∗B −→ ((v3, v∗3)
∗PA3) ⊗ Y3 with
Λ|Y3(1) equal to the identity. In particular, through this equivalence λ corresponds
to Λ|X1×X2 and to require that u3 ◦λ : X1×X2 −→ G3 is compatible with the triv-
ialization Ψ of (u1, u2)
∗B corresponds to require the commutativity of the diagram
(1.2.1). 
Remark 1.2.3. The data (1), (2), (3) and (4) of definition 1.1.1 are equivalent
respectively to the data (1), (2), (3) and (4) of Proposition 1.2.2.
1.3. Examples. We conclude this chapter giving some examples of biextensions
of 1-motives by 1-motives. We will use the more useful definition of biextensions
furnishes by Proposition 1.2.2.
(1) Let M = [0 −→ A] be an abelian S-scheme with Cartier dual M∗ = [0 −→
A∗] and let W (1) be an S-torus. A biextension of (M,M∗) by W (1) is
(B, 0, 0, 0, 0)
where B is a biextension of (A,A∗) by W (1). In particular the Poincare´ biex-
tension of (M,M∗) by Z(1) is the biextension
(PA, 0, 0, 0, 0)
where PA is the Poincare´ biextension of (A,A∗).
(2) Let M = (A,A∗, X, Y ∨, v, v∗, ψ) = [X
u
−→ G] be a 1-motive over S and
M∗ = [Y ∨
u∗
−→ G∗] its Cartier dual. If PA denotes the Poincare´ biextension of
(A,A∗), the semi-abelian S-scheme G (resp. G∗) corresponds to the biextension
(idA, v
∗)∗PA of (A, Y ∨) by Z(1) (resp. (v, idA∗)∗PA of (X,A∗) by Gm) (cf. [6]
Expose´ VIII 3.7). The Poincare´ biextension of (M,M∗) by Z(1) is the biex-
tension
(PA, ψ1, ψ2, ψ, 0)
where ψ1 is the trivialization of the biextension (idA, v
∗)∗PA which defines the
morphism u : X −→ G, and ψ2 is the trivialization of the biextension (v, idA∗)∗PA
which defines the morphism u∗ : Y ∨ −→ G∗.
(3) Let M = [X
u
−→ Y (1)] be the 1-motive without abelian part defined over S.
Its Cartier dual is the 1-motive M∗ = [Y ∨
u∗
−→ X∨(1)], where Y ∨ is the character
group of the S-torus Y (1) and X∨(1) is the S-torus whose character group is X .
The Poincare´ biextension of (M,M∗) by Z(1) is the biextension
(0, 0, 0, ψ, 0)
where 0 is the trivial biextension of (0, 0) by Z(1) and ψ : X × Y ∨ −→ Z(1) is the
biaddictive morphism defining u : X −→ Y (1) and u∗ : Y ∨ −→ X∨(1). (We can
view the trivialization ψ as a biaddictive morphism from X × Y ∨ to Z(1) because
of the triviality of the biextension 0).
(4) Let M = [X
u
−→ Y (1)] and [V
t
−→W (1)] be two 1-motives without abelian
part defined over S, and let M∗ = [Y ∨
u∗
−→ X∨(1)] be the Cartier dual of M . A
biextension of (M,M∗) by [V
t
−→ W (1)] is
(0, 0, 0,Ψ, λ)
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where 0 is the trivial biextension of (0, 0) by W (1), Ψ : X × Y ∨ −→ W (1) is a
biaddictive morphism and λ : X×Y ∨ −→ V a morphism of S-group schemes, such
that the diagram
(1.3.1)
W (1) = W (1)
Ψ ↑ ↑ t
X × Y ∨
λ
−→ V
is commutative.(We can view the trivialization Ψ as a biaddictive morphism from
X × Y ∨ to W (1) because of the triviality of the biextension 0).
(5) Let M = [X
u
−→ Y (1)] be a 1-motive without abelian part defined over S,
and M∗ = [Y ∨
u∗
−→ X∨(1)] its Cartier dual. Let [V
t
−→ A] be a 1-motive defined
over S without toric part. A biextension of (M,M∗) by [V
t
−→ A] is
(0, 0, 0, 0, λ)
where 0 is the trivial biextension of (0, 0) by 0 and λ : X×Y ∨ −→ V is a morphism
of S-group schemes. Therefore
(1.3.2) Biext1(M,M∗; [V
t
−→ A]) = HomS−schemes(X × Y
∨, V ).
(6) Let M = [X
u
−→ A × Y (1)] = (X,Y ∨, A,A∗, v, v∗ = 0, ψ) be a 1-motive
defined over S, and M∗ = [Y ∨
u∗
−→ G∗] its Cartier dual. Let [V
t
−→ W (1)] be
a 1-motive defined over S without abelian part. A biextension of (M,M∗) by
[V
t
−→W (1)] is
(B,Ψ1,Ψ2,Ψ, λ)
where
• B is a biextension of (A,A∗) by W (1);
• Ψ1 (resp. Ψ2) is a trivialization of the biextension (v, idA∗)∗B (resp.
(idA, v
∗)∗B) of (X,A∗) by W (1) (resp. of (A, Y ∨) by W (1)) obtained
as pull-back of the biextension B via (v, idA∗) (resp. via (idA, v
∗)). Since
v∗ = 0, the biextension (idA, v
∗)∗B of (A, Y ∨) by W (1) is trivial;
• Ψ is a trivialization of the biextension (v, v∗)∗B of (X,Y ∨) by W (1) ob-
tained as pull-back of the biextension B via (v, v∗), which coincides with
the trivializations induced by Ψ1 and Ψ2 over X × Y ∨. Also the biexten-
sion (v, v∗)∗B of (X,Y ∨) by W (1) is trivial and hence we can view Ψ as a
biaddictive morphism from X × Y ∨ to W (1);
• λ : X×Y ∨ −→ V is a morphism of S-group schemes such that the following
diagram is commutative
(1.3.3)
W (1) = W (1)
Ψ ↑ ↑ t
X × Y ∨ −→ V.
(7) Let M = [X
u
−→ A × Y (1)] = (X,Y ∨, A,A∗, v, v∗ = 0, ψ) be a 1-motive
defined over S, and M∗ = [Y ∨
u∗
−→ G∗] its Cartier dual. Let [V
t
−→ A′] =
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(V, 0, A′, A′
∗
, t, 0, ψ′) be a 1-motive defined over S without toric part. A biextension
of (M,M∗) by [V
t
−→ A′] is
(0, 0, 0,Ψ, λ)
where 0 is the trivial biextension of (A,A∗) by 0, Ψ : X × Y ∨ −→ X × Y ∨ is a
biaddictive morphism and λ : X×Y ∨ −→ V a morphism of S-group schemes, such
that the diagram
(1.3.4)
X × Y ∨
λ
−→ V × Z
Ψ ↑ ↑ ψ′ ⊗ 0
X × Y ∨
λ
−→ V × Z
is commutative.(We can view the trivialization Ψ as a biaddictive morphism from
X×Y ∨ to X×Y ∨ because of the triviality of the biextension 0 and for the meaning
of ψ′ ⊗ 0 see (1.2.1)).
2. Some morphisms of 1-motives
In this chapter we suppose that 1-motives over S generate a Tannakian category
over a field K.
Let M(S) be the Tannakian category generated by 1-motives over S. The
unit object of M(S) is the 1-motive Z(0) = [Z −→ 0]. We denote by M∨ ∼=
Hom(M,Z(0)) the dual of the 1-motive M and evM : M ⊗ M∨ −→ Z(0) and
δM : Z(0) −→ M
∨ ⊗M the morphisms of M(S) which characterize M∨ (cf. [4]
(2.1.2)). The Cartier dual of M is the 1-motive
(2.0.5) M∗ = M∨ ⊗ Z(1)
where Z(1) is the S-torus with cocharacter group Z.
2.1. Motivic remarks about morphisms of 1-motives.
Lemma 2.1.1. Let Xi (for i = 1, 2, 3) be a S-group scheme which is locally for the
e´tale topology a constant group scheme defined by a finitely generated free Z-module,
and let Gi (for i = 1, 2, 3) be a semi-abelian S-scheme. In the category M(S), there
are no morphisms from the tensor product X1 ⊗X2 to G, i.e.,
HomM(S)(X1 ⊗X2, G3) = 0
and there are no morphisms from the tensor product G1 ⊗G2 to X3, i.e.,
HomM(S)(G1 ⊗G2, X3) = 0.
Proof. This lemma follows from the fact that morphisms of motives have to respect
weights. In fact the pure motive X1⊗X2 has weight 0 and the mixed motive G has
weight smaller or equal to - 1, and the mixed motive G1 ⊗ G2 has weight smaller
or equal to -2 and the pure motive X3 has weight 0. 
Proposition 2.1.2. Let Gi (for i = 1, 2, 3) be a semi-abelian S-scheme, i.e. an
extension of an abelian S-scheme Ai by a S-torus Yi(1). We have that:
HomM(S)(G1 ⊗G2, Y3(1)) = HomM(S)(A1 ⊗A2, Y3(1))(2.1.1)
HomM(S)(G1 ⊗G2, G3) = HomM(S)(G1 ⊗G2, Y3(1))(2.1.2)
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Proof. The proof of these equalities is based on the fact that morphisms of motives
have to respect weights.
For i = 1, 2, 3, denote by πi : Gi −→ Ai the projection of Gi over Ai and ιi :
Yi(1) −→ Gi the inclusion of Yi(1) in Gi. Thanks to the projection (π1, π2), each
morphism A1 ⊗ A2 −→ Y3(1) can be lifted to a morphism from G1 ⊗G2 to Y3(1).
In the other hand, since the motive Y1(1) ⊗ Y2(1) has weight -4, each morphism
G1 ⊗G2 −→ Y3(1) factorizes through A1 ⊗A2.
Through the inclusion ι3, each morphism G1 ⊗ G2 −→ Y3(1) defines a morphism
G1 ⊗ G2 −→ G3. In the other hand, since the motive G1 ⊗ G2 has weight less or
equal to -2, each morphism G1 ⊗G2 −→ G3 factorizes through Y3(1). 
Therefore we have:
Corollary 2.1.3. In M(S), a morphism from the tensor product of two semi-
abelian S-schemes to a semi-abelian S-scheme is a morphism from the tensor prod-
uct of the underlying abelian S-schemes to the underlying S-torus:
HomM(S)(G1 ⊗G2, G3) = HomM(S)(A1 ⊗A2, Y3(1)).
2.2. Morphisms from a finite tensor products of 1-motives to a 1-motive.
Definition 2.2.1. In the categoryM(S), the morphism M1⊗M2 −→M3 from
the tensor product of two 1-motives to a third 1-motive is an isomorphism
class of biextensions of (M1,M2) by M3 (cf. (1.1.1)). We define
(2.2.1) HomM(S)(M1 ⊗M2,M3) = Biext
1(M1,M2;M3)
In other words, the biextensions of two 1-motives by a 1-motive are the “geo-
metrical interpretation” of the morphisms of M(S) from the tensor product of two
1-motives to a 1-motive.
Remark 2.2.2. The set HomM(S)(M1 ⊗M2,M3) is a group.
Remark 2.2.3. The confrontation of the main Theorem of [4] with Corollary 2.1.3,
shows that this definition is compatible with what we know about morphisms be-
tween 1-motives.
Definition 2.2.4. Let Mi and M
′
i (for i = 1, 2, 3) be 1-motives over S. The
notion 1.1.2 of morphisms of biextensions defines a morphism from the group
of morphisms of M(S) from M1 ⊗M2 to M3, to the group of morphisms
of M(S) from M ′1 ⊗M
′
2 to M
′
3, i.e.
HomM(S)(M1 ⊗M2,M3) −→ HomM(S)(M
′
1 ⊗M
′
2,M
′
3).
Remark 2.2.5. Using the notaions of 1.1.2, if we denote b the morphismM1⊗M2 −→
M3 corresponding to the biextension (B,Ψ1,Ψ2, λ) of (M1,M2) by M3 and by b′
the morphism M ′1 ⊗M
′
2 −→ M
′
3 corresponding to the biextension (B
′,Ψ′1,Ψ
′
2, λ
′)
of (M ′1,M
′
2) by M
′
3, the morphism
(F,Υ1,Υ2,Υ, g3) : (B,Ψ1,Ψ2, λ) −→ (B
′,Ψ′1,Ψ
′
2, λ
′)
of biextensions defines the vertical arrows of the following diagram of morphisms
of M(S)
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M1 ⊗M2
b
−→ M3
↓ ↓
M ′1 ⊗M
′
2
b′
−→ M ′3.
It is clear now why from the data (F,Υ1,Υ2,Υ, g3) we get a morphism of M(S)
from M3 to M
′
3 as remarked in 1.1.3. Moreover since M1 ⊗ Z(0), M
′
1 ⊗ Z(0),
Z(0)⊗M2 and Z(0)⊗M ′2, are sub-1-motives of the motivesM1⊗M2 and M
′
1⊗M
′
2,
it is clear that from the data (F,Υ1,Υ2,Υ, g3) we get morphisms from M1 to M
′
1
and from M2 to M
′
2 as remarked in 1.1.3.
Lemma 2.2.6. Let l and i be positive integers and let Mj = [Xj
uj
−→ Gj ] (for
j = 1, . . . , l) be a 1-motive defined over S. Denote by M0 or X0 the 1-motive
Z(0) = [Z −→ 0]. If i ≥ 1 and l + 1 ≥ i, the motive ⊗lj=1Mj/W−i(⊗
l
j=1Mj) is
isogeneous to the motive
(2.2.2)
∑(
⊗k∈{ν0,...,νl−i+1}Xk
)⊗(
⊗j∈{ι0,...,ιi−1}Mj/W−i(⊗j∈{ι0,...,ιi−1}Mj)
)
where the sum is taken over all the (l− i+1)-uplets {ν0, . . . , νl−i+1} and all the (i−
1)-uplets {ι0, . . . , ιi−1} of {0, 1, · · · , l} such that {ν0, . . . , νl−i+1} ∩ {ι0, . . . , ιi−1} =
∅, ν0 < ν1 < · · · < νl−i+1, ι0 < ι1 < · · · < ιi−1, νa 6= νb and ιc 6= ιd, for all
a, b ∈ {0, . . . , l − i+ 1}, a 6= b and c, d ∈ {0, . . . , i− 1}, c 6= d.
Proof. 1-motives Mj are composed by pure motives of weight 0 (the lattice part
Xj), -1 (the abelian part Aj) and -2 (the toric part Yj(1)). Consider the pure
motive GrW−i(⊗
l
j=1Mj): it is a finite sum of tensor products of l factors of weight 0,
-1 other -2. If i = l the tensor product
A1 ⊗A2 ⊗ · · · ⊗Al
contains no factors of weight 0. For each i strictly bigger than l, it is also easy to
construct a tensor product of l factors whose total weight is −i and in which no
factor has weight 0 (for example if i = l + 2 we take
Y1(1)⊗ Y2(1)⊗A3 ⊗ · · · ⊗Al.)
However if i is strictly smaller than l, in each of these tensor products of l factors,
there is at least one factor of weight 0, i.e. one of the Xj for j = 1, . . . , l.
Now fix a i strictly smaller than l. The tensor products where there are less factors
of weight 0 are exactly those where there are more factors of weight -1. Hence in
the pure motive Gr−i(⊗
l
j=1Mj), the tensor products with less factors of weight 0
are of the type
Xν1 ⊗ · · · ⊗Xνl−i ⊗Aι1 ⊗ · · · ⊗Aιi
Thanks to these observations, the conclusion is clear.
Remark that we have only an isogeny because in the 1-motive (2.2.2) the factor
Xν1 ⊗Xν2 ⊗ · · · ⊗Xνp ⊗ Yι1 ⊗ Yι2 ⊗ · · · ⊗ Yιl−p
appears with multiplicity “p+m” wherem is the number of Yιq (for q = 1, . . . , l−p)
which are of weight 0, instead of appearing only once like in the 1-motive
⊗jMj/W−i(⊗jMj). In particular for each i we have that
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GrW0
(∑
(⊗kXk)⊗ (⊗jMj/W−i)
)
= l GrW0
(
⊗j Mj/W−i
)
GrW−1
(∑
(⊗kXk)⊗ (⊗jMj/W−i)
)
= (l − 1) GrW−1
(
⊗j Mj/W−i
)

We will denote by Miso(S) the Tannakian category generated by the iso-1-
motives, i.e. by 1-motives modulo isogenies.
Theorem 2.2.7. Let M and M1, . . . ,Ml be 1-motives over S. In the category
Miso(S), the morphism ⊗lj=1Mj −→ M from a finite tensor product of 1-motives
to a 1-motive is the sum of copies of isomorphism classes of biextensions of (Mi,Mj)
by M for i, j = 1, . . . l and i 6= j. We have that
HomMiso(S)(⊗
l
j=1Mj ,M) =
∑
i,j∈{1,...,l}
i6=j
Biext1(Mi,Mj ;M)
Proof. Because morphisms between motives have to respect weights, the non trivial
components of the morphism ⊗lj=1Mj −→M are the one of the morphism
⊗lj=1Mj
/
W−3(⊗
l
j=1Mj) −→M.
Using the equality obtained in Lemma 2.2.6 with i = −3, we can write explicitly
this last morphism in the following way∑
ι1<ι2 and ν1<···<νl−2
ι1,ι2 /∈{ν1,...,νl−2}
Xν1 ⊗ · · · ⊗Xνl−2 ⊗ (Mι1 ⊗Mι2/W−3(Mι1 ⊗Mι2)) −→M.
Since “to tensorize a motive by a motive of weight 0” means to take a certain number
of copies of the motive, from definition 2.2.1 we get the expected conclusion. 
2.3. Examples. Now we give some examples of morphisms from the tensor product
of two 1-motives to a 1-motive. According to our definition 2.2.1 of morphisms of
M(S), these examples are in parallel with the examples 1.3.
(1) Let M = [0 −→ A] be an abelian S-scheme with Cartier dual M∗ = [0 −→
A∗] and let W (1) be an S-torus. By definition, the biextension (B, 0, 0, 0, 0) of
(M,M∗) by W (1) is a morphism ofM(S) from A⊗A∗ to W (1). In particular, the
Poincare´ biextension PA of (A,A∗) by Z(1) is the classical Weil pairing of A
PA : A⊗A
∗ −→ Z(1).
(2) Let M be a 1-motive over S and M∗ its Cartier dual. The Poincare´ biex-
tension PM of (M,M∗) by Z(1) (cf. 1.3) is the so called Weil pairing of M
PM :M ⊗M
∗ −→ Z(1),
which expresses the Cartier duality between M and M∗.
The valuation map evM :M ⊗M∨ −→ Z(0) of M expresses the duality between
M and M∨ as objects of the Tannakian categoryM(S). By (2.0.5) the evaluation
map evM is the twist by Z(−1) of the Weil pairing of M :
evM = PM ⊗ Z(−1) :M ⊗M
∨ −→ Z(0).
(3) Let M be the 1-motive without abelian part [X
u
−→ Y (1)] defined over
S. Its Cartier dual is the 1-motive M∗ = [Y ∨
u∗
−→ X∨(1)]. We will compute the
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morphism from the tensor productM⊗M∗ to the torus Z(1), which is by definition
the isomorphism class of the Poincare´ biextension of (M,M∗) by Z(1). Regarding
M and M∗ as complexes of commutative groups S-schemes concentrated in degree
0 and -1, their tensor product is the complex
(2.3.1)
[X ⊗ Y ∨
(−idX⊗u
∗,u⊗id
Y∨
)
−→ X ⊗X∨(1) + Y (1)⊗ Y ∨
u⊗id
X∨
+idY (1)⊗u
∗
−→ Y (1)⊗X∨(1)]
where X ⊗ Y ∨ is a pure motive of weight 0, X ⊗ X∨(1) + Y (1) ⊗ Y ∨ is a pure
motive of weight -2 and Y (1) ⊗ X∨(1) is a pure motive of weight -4. Because of
the weights, the only non-trivial component of a morphism from the tensor product
M ⊗M∗ to the torus Z(1) is
(2.3.2) X ⊗X∨(1) + Y (1)⊗ Y ∨ −→ Z(1)
By example 1.3 (3), the Poincare´ biextension of (M,M∗) by Z(1) is the biextension
(0, 0, 0, ψ, 0), where ψ : X × Y ∨ −→ Z(1) is the biaddictive morphism defining
u : X −→ Y (1) and u∗ : Y ∨ −→ X∨(1). This biaddictive morphism ψ defines
the only non-trivial component (2.3.2) of M ⊗M∗ −→ Z(1) through the following
commutative diagram
X ⊗ Y ∨
(−idX⊗u
∗,u⊗id
Y∨
) ↓ ցψ
X ⊗X∨(1) + Y (1)⊗ Y ∨ −→ Z(1)
(4) Let M = [X
u
−→ Y (1)] and [V
t
−→W (1)] be two 1-motives without abelian
part defined over S, and let M∗ = [Y ∨
u∗
−→ X∨(1)] be the Cartier dual of M .
According (2.3.1), the only non trivial components of a morphism from the tensor
product M ⊗M∗ to [V
t
−→W (1)] are
X ⊗ Y ∨ −→ V(2.3.3)
X ⊗X∨(1) + Y (1)⊗ Y ∨ −→ W (1)(2.3.4)
By example 1.3 (4), a biextension of (M,M∗) by [V
t
−→ W (1)] is (0, 0, 0,Ψ, λ)
where 0 is the trivial biextension of (0, 0) by W (1), Ψ : X × Y ∨ −→ W (1) is a
biaddictive morphism and λ : X×Y ∨ −→ V a morphism of S-group schemes, such
that the diagram (1.3.1) is commutative. The morphism λ defines the non-trivial
component (2.3.3) between motives of weight 0. Through the commutative diagram
X ⊗ Y ∨
(−idX⊗u
∗,u⊗id
Y ∨
) ↓ ցΨ
X ⊗X∨(1) + Y (1)⊗ Y ∨ −→ W (1)
the morphism Ψ defines the non-trivial component (2.3.4) between motives of weight
-2. The commutativity of the diagram (1.3.1) impose the compatibility between
these two non trivial components.
(5) Let M = [X
u
−→ Y (1)] be a 1-motive without abelian part defined over S,
and M∗ = [Y ∨
u∗
−→ X∨(1)] its Cartier dual. Let [V
t
−→ A] a 1-motive defined over
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S without toric part. Because of the weights, according (2.3.1) the only non trivial
component of a morphism from the tensor product M ⊗M∗ to [V
t
−→ A] is
(2.3.5) X ⊗ Y ∨ −→ V
By example 1.3 (4), a biextension of (M,M∗) by [V
t
−→ A] is (0, 0, 0, λ) where 0
is the trivial biextension of (0, 0) by 0 and λ : X × Y ∨ −→ V is a morphism of
S-group schemes. This morphism λ defines the only non trivial component (2.3.5)
of the morphism M ⊗M∗ −→ [V
t
−→ A]. In particular by (1.3.2)
HomM(S)(M ⊗M
∗, [V
t
−→ A]) = HomS−schemes(X × Y
∨, V ).
(6) Let M = [X
u
−→ A × Y (1)] = (X,Y ∨, A,A∗, v, v∗ = 0, ψ) be a 1-motive
defined over S, and M∗ = [Y ∨
u∗
−→ G∗] its Cartier dual. Let [V
t
−→ W (1)] be a
1-motive defined over S without abelian part. Because of the weights, the only non
trivial components of a morphism from the tensor productM⊗M∗ to [V
t
−→W (1)]
are
X ⊗ Y ∨ −→ V(2.3.6)
A⊗A∗ +X ⊗X∨(1) + Y (1)⊗ Y ∨ −→ W (1)(2.3.7)
By example 1.3 (6), a biextension of (M,M∗) by [V
t
−→W (1)] is (B,Ψ1,Ψ2,Ψ, λ)
where B is a biextension of (A,A∗) by W (1), Ψ : X×Y ∨ −→W (1) is a biaddictive
morphism and λ : X × Y ∨ −→ V is a morphism of S-group schemes such that the
diagram (1.3.3) is commutative. The morphism λ defines the non-trivial component
(2.3.6) between motives of weight 0. Through the commutative diagram
X ⊗ Y ∨
↓ ցΨ
A⊗A∗ +X ⊗X∨(1) + Y (1)⊗ Y ∨ −→ W (1)
the morphism Ψ and the biextension B define the non-trivial component (2.3.7) be-
tween motives of weight -2: to be more precise, the biextension B is the component
A ⊗ A∗ −→ W (1) and the morphism Ψ determines the component X ⊗X∨(1) +
Y (1)⊗ Y ∨ −→W (1). The commutativity of the diagram (1.3.3) imposes the com-
patibility between these two non trivial components. Remark that the factor A⊗A∗
plays no role in the diagram (1.3.3) because v∗ = 0.
(7) Let M = [X
u
−→ A × Y (1)] = (X,Y ∨, A,A∗, v, v∗ = 0, ψ) be a 1-motive
defined over S, and M∗ = [Y ∨
u∗
−→ G∗] its Cartier dual. Let [V
t
−→ A′] =
(V, 0, A′, A′
∗
, t, 0, ψ′) be a 1-motive defined over S without toric part. Because of
the weights, the only non trivial components of a morphism from the tensor product
M ⊗M∗ to [V
t
−→ A′] are
X ⊗ Y ∨ −→ V(2.3.8)
X ⊗A∗ +A⊗ Y ∨(1) −→ A′(2.3.9)
By example 1.3 (7), a biextension of (M,M∗) by [V
t
−→ A] is (0, 0, 0,Ψ, λ) where
0 is the trivial biextension of (A,A∗) by 0, Ψ : X×Y ∨ −→ X×Y ∨ is a biaddictive
morphism and λ : X × Y ∨ −→ V a morphism of S-group schemes, such that the
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diagram (1.3.4) is commutative. The morphism λ defines the component (2.3.8)
between motives of weight 0 and the biaddictive morphism Ψ determines the com-
ponent (2.3.9). The commutativity of the diagram (1.3.4) imposes the compatibility
between these two non trivial components.
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